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Problem Setting

(x1,...,2;)
* Machine learning of dynamical system

> Given a dataset (i.e., a sequence of states) (zy,...,z,),z € R?, %
» learn f:RY = RY stz ~ fz)

» e.g., linear models, kernel machines, neural nets, ...

T4

e Machine learning of multiple dynamical systems

> Given multiple datasets @i, ... M), (2 i) --,CL‘SZ)),

» learn fi,....f, st mt—l—l fl(mt )7 C131t+1wfn(a3t )

» Side information on relation between datasets/dynamics
is often available and helpful for learning




Examples of Side Information

When learning dynamics from geometrically
distributed sensors, distance between sensors
may be informative for similarity of dynamics,
e.g., closer sensors measure similar dynamics.

dissimilarity
from distance

Learning time-varying dynamical systems can
also be handled as a special case, where we
may use ¢ as side information, e.g., dynamics
in adjacent time periods are similar.

d1 3 = OO dissimilarity from

Y

temporal adjacency
ds = ’ﬁ;{




Problem Setting Again

* Input: @D, 20y v (@, 2®)
» n sets of measurements (state sequences)

(5'351), e 7513(1)), cee (mgn), e ,m(")) @ A%, %) W22, 73) @

T1 Tn

» n sets of side information Z7;,...,7, (..., )

(1)
3
m§+)1

v" along with some dissimilarity measure dz(Zz', Zj)

v Z may be location of sensors, timestamps, ...,
additional measurements, text description, ...

t+1

* Output: dynamics models f1, . I
such that :1:1(51)1 ~ fi(at), . -’L’t+1 ~ fo(z™)

* Core idea: Regularization with side information (next slide)
> if Z; and Z; are similar (i.e.,, dz(Z;,Z;) is small), then fi and fj should also be similar



Regularization with Side Information

* Regularization with side information

» if Z; and Z; are similar (i.e., dz(Z;, Z;) is small),
then f; and f; should also be similar (i.e., some dissimilarity dps(fi, f;) is small)

* Formulation as multi-task learning for dynamical systems

n n
dDS fz f
minimize E Li(fi; {.’B . }) + A E E -
Fiveoorfo n(n — 1) dz(Z;, Z;)
1=1 j=1+1
J }
Y Y
original objective function to learn fi,..., fn regularization term to make dps(fi. f;) < dz(Z;, Z;)

e.g, squared loss L, = Y7 fi(e”) - 2, 3

« What dps(fi, f;) should be? (next slide)



Dissimilarity Measure of Dynamical Systems

Fioofn 21 it

N J
Y Y

original objective function to learn fi o In regularization term to make dps(fi, f;) < dz(Z;, Z;)
e.g., squared loss L; = 7" (=) - =i, I3

C e 1 : ) i - - dDS fzaf
minimize ;;Li(‘fﬁ {wg)w"?w%)})_'_)‘ n(n—1) Z Z dz ZZ,Z]
\

* dps(fi, fj) should measure the dissimilarity between f; and f;

: Perron-Frobenius

* We use an operator-theoretic metric [Ishikawa+ 18] : / operators in RKHS

SN kps(fi, f5)*
dDS('f“f])_\/l kos(fi, fi)kps(fj. f5) kos(fi. )" = </\ Z )

* because it is applicable to nonlinear f & agnostic of parametric form of f




Dissimilarity Measure of Dynamical Systems

cont’d

dps(fi, f;) = \/1 _ sz(l;iS}é{ZD];j();j,fj)’ kps(fi, f;)? = tr </\m (K3)” t)

Let H be an RKHS equipped with a kernel function kx(-, ).

Let ¢(x) = ku(x,-) be the corresponding feature map.

For a nonlinear dynamical system x:y1 = f(z:), consider linear operator
o(x) = o(f(x)),

which is called corresponding to f.

can be estimated from trajectory (xi,...,z,;) with the kernel kx(-,").

dps(fi, f;) is (almost everywhere) differentiable wrt. the parameters of fi & f;
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Experiment: Datasets

» Synthetic datasets
» Van der Pol oscillator (=)

v’ i-th dataset is generated via i — p;(1-22) +z2=0 it /
v Side information: dz(Z;,Z;) = | — p;? | \“‘
» Rossler system e r
dz = % dz = %
* Real-world datasets
» Solar power production time-series dz =1 dz =1 dz =1
v' Side information: Z; =location of i-th plant datmap N

» Power consumption time-series () |
v’ Side information: dz(Z;,Z;) =1ifj=i+1
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Experiment: Baseline Methods

1. No multi-task regularization

2. Multi-task w/ Parameter L2 dist. dos(fi, ;) = X5, 10k — 0k
0; 1 : k-th parameter of f;

3. Multi-task w/ Parameter L1 dist. dps(fi, £;) = >4 0ix — 0;.x)

cf. Proposed method (= multi-task w/ dynamics dist.)

e IS e o) -y dostfi £y
minimize —ZLi(fia {ey”, . 2 }) + A n(n — 1) Z Z dz(Z;, Z;)

L n 4
Fioesdn 1=1 1=1 j=1+1
J J
Y Y
original objective function to learn fi,..., fx regularization term to make dps(fi, f;) < dz(Z;, Z;)

e.g, squared loss L, = Y77 | fi(zl”) - 2/, 3



Experiment: Results

Test one-step prediction errors (smaller is better)

Baseline 1 Baseline 2 Baseline 3
No regularization Parameter L2 dist. Parameter L1 dist.
VDP 2.936 (.56) x 10~! 2.402 (.82) x 107! 2.659 (.51) x 107! 2.272(.71) x 107"
ROSSLER 1.358 (.05) x 10~ 1.359 (.05) x 10~ 1.358 (.05) x 1072 1 31 (.05) x 102
SOLAR 9.231(.01) x 10~* 9.229 (.01) x 107* 9.226 (.01) x 10~ 9.101 (.03) x 10~*
DEMAND 1.486 (.03) x 10~ 1.487 (.03) x 10~° 1.488 (.03) x 10~ 1 439( 03) x 10~°

Significant difference, bold: from (A) / underline: from (B), by paired -test at p < 102

* Proposed regularization achieves better prediction

» Probably, L2 /L1 distance of parameters cannot capture dynamics’ dissimilarity
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Summary

L 1 < ' - ~ «— dps(fi, f
minimize — ZLZ(JE“ {wgz), QMDY Z Z i Ji)
Fireesfn n “ i n(n —1) dg (Zi, Z;)
1=1 7,—1 J=1+
\ ) \ J
Y Y
original objective function to learn fl, o I regularization term to make dps(fi, f;) « dz(Z;, Z;)
e.g., squared loss L; = ) /" 11Hf1( (1)) _‘Bt+1H2
* Multi-task learning formulation for dynamical systems oy Sdeimformation -
(@7, z) (@, )
> to utilize side information = v>~ ,(/))' =
 We adopt the operator-theoretic metric [ishikawa+ 18] %f% = %@%
for measuring dissimilarity between dynamical systems, e

» which can be estimated from trajectories during training
» good for utilizing side information
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