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Background

• Generative modeling / density estimation
 learn 𝑝𝑝𝜃𝜃 𝒙𝒙 from observations of 𝒙𝒙

• Prior knowledge of data-generating process
 e.g., system diagram of units and sensors
 readings of sensors of adjacent units

would be dependent …
 … than non-adjacent ones
 “dependency𝜃𝜃 𝑥𝑥1, 𝑥𝑥2

≥ dependency𝜃𝜃 𝑥𝑥1, 𝑥𝑥3 ”
 Hard-coding such knowledge

as model design is costly & bothersome 

2

[drawings created by Eucalyp from the Noun Project]

𝑥𝑥1

Unit 1 Unit 2

Unit 3

𝑥𝑥2

𝑥𝑥3



Proposed method  1/3

• Let 𝒙𝒙 ∈ ℝ𝑑𝑑 denote a data-point on which we learn generative model 𝑝𝑝𝜃𝜃 𝒙𝒙
• We express prior knowledge of feature dependence as a knowledge set 𝒦𝒦

Definition (knowledge set). 
Let 𝐽𝐽 ⊂ 1, … ,𝑑𝑑 be the index set of 𝑑𝑑 features of 𝒙𝒙 ∈ ℝ𝑑𝑑 . Knowledge of feature 
dependence is described as a set

𝒦𝒦 = 𝐽𝐽𝑠𝑠ref, 𝐽𝐽𝑠𝑠+, 𝐽𝐽𝑠𝑠− 𝑠𝑠 = 1, … , 𝒦𝒦 .

Each triple 𝐽𝐽𝑠𝑠ref, 𝐽𝐽𝑠𝑠+, 𝐽𝐽𝑠𝑠− encodes knowledge that

“𝒙𝒙𝐽𝐽𝑠𝑠ref are more dependent on 𝒙𝒙𝐽𝐽𝑠𝑠+ than on 𝒙𝒙𝐽𝐽𝑠𝑠− .”
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minimize
𝜃𝜃

𝐿𝐿 𝜃𝜃 + 𝑅𝑅𝒦𝒦 𝜃𝜃

• 𝜃𝜃 parameters of generative model 𝑝𝑝𝜃𝜃 𝑥𝑥
• 𝐿𝐿 𝜃𝜃 original loss function for generative modeling (e.g, -ELBO, J-S div.)

• 𝑅𝑅𝒦𝒦 𝜃𝜃 proposed regularizer
 encourages statistical dependence of marginals of 𝑝𝑝𝜃𝜃 𝑥𝑥 to follow prior knowledge

𝑅𝑅𝒦𝒦 = �
𝑠𝑠

max 0, �HSIC 𝑝𝑝𝜃𝜃 𝑥𝑥𝐽𝐽𝑠𝑠ref , 𝑝𝑝𝜃𝜃 𝑥𝑥𝐽𝐽𝑠𝑠− − �HSIC 𝑝𝑝𝜃𝜃 𝑥𝑥𝐽𝐽𝑠𝑠ref , 𝑝𝑝𝜃𝜃 𝑥𝑥𝐽𝐽𝑠𝑠+

 HSIC can be estimated with samples drawn from 𝑝𝑝𝜃𝜃 𝑥𝑥 being learned
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estimated dependency
between 𝑝𝑝𝜃𝜃 𝑥𝑥𝐽𝐽𝑠𝑠ref & 𝑝𝑝𝜃𝜃 𝑥𝑥𝐽𝐽𝑠𝑠−

estimated dependency
between 𝑝𝑝𝜃𝜃 𝑥𝑥𝐽𝐽𝑠𝑠ref & 𝑝𝑝𝜃𝜃 𝑥𝑥𝐽𝐽𝑠𝑠+

≥
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Algorithm (knowledge-regularized gradient method).
Input: data 𝒙𝒙1, … ,𝒙𝒙𝑛𝑛 ,  knowledge set 𝒦𝒦,  and hyperparameters
Output: parameters 𝜃𝜃 of a generative model 𝑝𝑝𝜃𝜃 𝒙𝒙

1. Initialize 𝜃𝜃
2. Repeat until convergence:

a) compute loss 𝐿𝐿 and ∇𝜃𝜃𝐿𝐿
b) draw �𝒙𝒙1, … , �𝒙𝒙𝑚𝑚 from 𝑝𝑝𝜃𝜃 𝒙𝒙

c) for 𝑠𝑠 = 1, … , 𝒦𝒦 , compute �HSIC 𝑝𝑝𝜃𝜃 𝑥𝑥𝐽𝐽𝑠𝑠ref , 𝑝𝑝𝜃𝜃 𝑥𝑥𝐽𝐽𝑠𝑠− and �HSIC 𝑝𝑝𝜃𝜃 𝑥𝑥𝐽𝐽𝑠𝑠ref , 𝑝𝑝𝜃𝜃 𝑥𝑥𝐽𝐽𝑠𝑠+

d) compute regularizer 𝑅𝑅𝒦𝒦 and ∇𝜃𝜃𝑅𝑅𝒦𝒦
e) update 𝜃𝜃 using ∇𝜃𝜃𝐿𝐿 and ∇𝜃𝜃𝑅𝑅𝒦𝒦
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Experiment: GAN on toy data
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Data

Prior knowledge

“𝑥𝑥1 & 𝑥𝑥2 are more dependent
than 𝑥𝑥1 & 𝑥𝑥3 are”

Samples generated from
GAN trained normally

(w/o proposed method)

Samples generated from
GAN with knowledge
(proposed method)

trial #1 trial #2 trial #3

Result



Experiment: VAE on concatenated MNIST images
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Data

Prior knowledge

dependency(𝑥𝑥top, 𝑥𝑥middle)
≥ dependency(𝑥𝑥top, 𝑥𝑥bottom)

Result

3 MNIST images concatenated
o top & middle = same type
o bottom = independent type

Test avg. cross-entropy of VAEs on ccMNIST dataset (smaller is better)

model configuration only L2 reg.

regularize similarity of output layer’s columns
with prior knowledge

proposed method

hard-coding knowledge
as model design

Proposed method achieves intermediate performance between “no knowledge”
and “hard-coded knowledge” trade-off between performance & design cost



Experiment: VAE on plant sensor data
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Data Result

Data comprising readings of 22 sensors of 
simulated chemical plant (known as Tennessee 
Eastman process [Downs & Vogel 93])

Prior knowledge of structure behind data can be incorporated
without bothersome model design

Prior knowledge

 adjacent units would be dependent

Feed 1

Feed 2

Reactor
Vapor-
liquid

separator

Product
stripper

Product Purge

Recycle
compressor

model configuration only L2 reg. proposed method

Test avg. reconstruction error of VAEs on plant sensor dataset (smaller is better)



Summary

• Learn generative model 𝑝𝑝𝜃𝜃 𝑥𝑥 with prior knowledge
 system diagrams of sensors
 feature similarities

• Regularize dependency between
marginals of 𝑝𝑝𝜃𝜃 𝑥𝑥
 e.g., make dependency𝜃𝜃 𝑥𝑥1, 𝑥𝑥2

≥ dependency𝜃𝜃 𝑥𝑥1, 𝑥𝑥3
 using HSIC as dependency measure

• Applicable to VAEs, GANs, etc.
• More results available in arXiv:1902.02068
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